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FIG. 3. Regions of stability (levels of green) and gradient
instability (red) plotted in the αB,0 and αM,0 plane for s = 1.3
(dark green), s = 1.5 (green) and s = 1.7 (light green). Black
solid line corresponds to f(R) theories (αB = −αM ), blue
dotted line corresponds to No Slip Gravity (αB = −2αM ).

FIG. 4. The primordial B-mode spectrum calculated using
the property function parametrization of Horndeski models
within the hi_class, with time dependence a1, for five val-
ues of αM,0 = 1, 2, 3, 4, 5, and αB,0 = 1 or −3, αK,0 = 0.001.
The inset zooms in on the low multipoles, showing that only
αM matters. The tensor-to-scalar ratio r = 0.01 and all spec-
tra include the effects of gravitational lensing. The ΛCDM
primordial spectrum is given by the solid black curve.

This then becomes

αM,0

[

(2s− 3)Ωma−3 + 2s(1− Ωm)
]

≤ 0 , (5)

where we ignore radiation. We can readily define three
cases:

N1. s > 3/2: Stable for αM,0 < 0.

N2. s < 3Ωm/2: Stable for αM,0 > 0.

N3. 3Ωm/2 < s < 3/2: Unstable at some point in a =
[0, 1].

This agrees with the dotted line in Fig. 2 representing the
No Slip Gravity condition αB = −2αM (note αM,0 = 0
is just general relativity).

For f(R) gravity the stability condition in the power
law αM (a) model reads

αM,0

[

1− s+
αM,0as

2
+

3

2

Ωma−3

Ωma−3 + 1− Ωm

]

≥ 0 . (6)

This gives four cases:

F1. s > 5/2: Stable for αM,0 < 0.

F2. 0 < s < 1 + 3Ωm/2: Stable for αM,0 > 0.

F3. 1 + 3Ωm/2 < s < 5/2: Necessary but not sufficient
condition for stability is αM,0 > 2[s−(1+3Ωm/2)].

F4. s = 0: Stable for αM,0 > 0 and αM,0 < −5.

This agrees with the solid line in Fig. 2 representing the
f(R) gravity condition αB = −αM . (Note that s = 2
requires αM,0 > 1.11; the exact stability condition for
case F3. is analytic but messy, so we only show the sim-
pler necessary condition.) For s = 0 we see islands of
stability appear that are disconnected from each other.
This is an interesting property that we revisit in the
next section when considering implicitly stable numer-
ical parametrizations.

There is physical motivation for these two theories,
while there is not in general for ones with arbitrary
αB = −rαM . However, we can use such a relation to
show that:

R1. s > 3/2: Stable for αM,0 > 0 when r < 4/(2s− 1),
for αM,0 < 0 when 4/(2s− 1) < r < 2.

R2. s < 3/2: Stable for αM,0 > 0 when r < 2/(1 + s−
3Ωm/2), unstable for αM,0 < 0.

R3. r < 0: Unstable.

It is interesting to note that αB = −2αM , i.e. No Slip
Gravity, is a bounding model in the first case above.

For the two physical theories we now consider the forms
of the sound speed cs that these stable solutions repre-
sent. Figure 5 and Figure 6 show cs(a) for various stable
power law forms of No Slip Gravity, for αM,0 > 0 and
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Outline 

•  The Well Tempered Cosmological Constant 

-- The Planck Scale and the Late Λ  

•  Inflation and Dark Energy  

-- Starobinsky Inflation, α attractors, w≠-1 

•  CMB B-modes and Modified Gravity  

-- including Keeping Gravity Stable 

•  Gravitational Waves and Cosmic Structure?!  
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The Cosmological Constant 

Where does current cosmic acceleration arise from? 

But also, why isn’t there a high energy (Planck 
scale, 1060, etc.) cosmological constant that wipes 
out the whole late time universe?  

“Original cosmological constant problem” Weinberg 1989 

 

New solution to both problems:  
Appleby & Linder, “The Well Tempered Cosmological Constant”, 
JCAP 1807, 034 (2018) [arXiv:1805.00470] 
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Well Tempering 

Self tuning uses a particular degeneracy in the field 
equations. We use a different degeneracy condition 
that we call “well tempered”, and an action that 
preserves cGW=c. 

We also use shift symmetry. 

Cosmological Constant Diminuendo

Stephen Appleby1, ⇤ and Eric V. Linder2, 3, †

1School of Physics, Korea Institute for Advanced Study,
85 Hoegiro, Dongdaemun-gu, Seoul 02455, Korea

2Berkeley Center for Cosmological Physics & Berkeley Lab,
University of California, Berkeley, CA 94720, USA

3Energetic Cosmos Laboratory, Nazarbayev University, Astana, Kazakhstan 010000
(Dated: June 6, 2018)

In Paper 1 we presented a solution to the original cosmological constant problem using a “well
tempered” self tuning scalar field. This approach dynamically canceled a large, early universe
cosmological constant, and allowed a matter dominated cosmology to naturally transition to current
acceleration and a de Sitter asymptotic state. Here we present another solution obtained from scalar
field dynamics diminishing rather than exponentially increasing in the approach to de Sitter. This
simplifies some of the characteristics and we give analytic solutions to asymptotic behaviors. We
verify numerically that the well tempering delivers a ⇤CDM background expansion naturally from
the dynamics, rather than in a “designer” sense. Beyond the background level we calculate the
e↵ective gravitational strengths for cosmic structure growth and light deflection.

I. INTRODUCTION

II. WELL TEMPERING DIMINUENDO

We briefly review the key points of Paper 1 before discussing the di↵erences with the present model. To solve the
original cosmological constant we use a self tuning scalar field but also impose the extra conditions that 1) the speed
of gravitational wave propagation is the speed of light, 2) the self tuning is tempered such that the matter components
of the universe are preserved and can provide a standard early universe cosmology consistent with observations, i.e.
having a matter dominated epoch before transitioning to current acceleration, and 3) a shift symmetry exists that
can aid in controlling quantum radiative corrections.

The scalar-tensor action used is quite simple:

S =

Z
d4x

p
�g

"
M2

pl

2
R+K(�, X)�G(�, X)⇤�+ ⇢

⇤

+ Lm

#
(1)

!
Z

d4x
p
�g

"
M2

pl

2
R+ c

1

M4 +M4A( )�M4B( )⇤̃ + ⇢
⇤

+ Lm

#
(2)

where the second line gives the particular properties taken for the functions K and G. Here ⇢
⇤

is the bare, high
energy physics cosmological constant energy density, Lm is the matter Lagrangian, and we have made the field
and coordinates dimensionless by scaling out a mass M . That is,  = �/M and ⌧ = Mt, where the tilde on the
D’Alembertian denotes dimensionless coordinates, i.e. ⇤̃ = M�2⇤. The kinetic term X = �r↵�r↵�/2 = M4( 0)2/2
where a prime denotes d/d⌧ .

To evaluate the cosmology we need to solve the coupled evolution equations for the Hubble parameter h = H/M
and the field dynamics  0. These equations were given in Paper 1 as

3
M2

pl

M2

h2 =
⇢
mat

M4

+
M2

pl

M2

⇤

M4

+  0A 0 � c
1

 �A+ 3h 02B 0 (3)

2
M2

pl

M2

h0 + 3
M2

pl

M2

h2 = �P
mat

M4

+
M2

pl

M2

⇤

M4

� c
1

 �A+B 0 0 00 (4)

0 = 3hA 0 +A 0 0 00 � c
1

+ 3B 0 (h0 0 + h 00 + 3h2 0) + 3hB 0 0 0 00 , (5)

⇤
Electronic address: stephen@kias.re.kr

†
Electronic address: evlinder@lbl.gov

Two free functions A(ψ), B(ψ) with certain conditions 
on them, providing a family of solutions.  
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The Well Tempered Cosmological Constant 

This solution 

ü  Cancels the bare CC 

ü  Even through phase transitions 

ü  Preserves matter and radiation 

ü  Is shift symmetric to protect vs quantum 
corrections 

ü  Is ghost free and stable 

ü  Gives late time acceleration and de Sitter attractor 
 

It does not solve the hierarchy problem, explaining why the 
residual CC (e.g. mass scale M in action) is so small.  
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Crescendo! 

An example where     grows is 

4

Rewriting the field equations in terms of dimensionless parameters

 =
�

M
, h =

H

M
, ⌧ = Mt , (14)

with ⇢⇤ = M2
plM

2
⇤ and X = M4( 0)2/2, we arrive at

3
M2

pl

M2
h2 =

M2
plM

2
⇤

M4
+  0A 0 � c1 � A + 3h 02B 0 (15)

2
M2

pl

M2
h0 f( 0) = �A 0 0f( 0) + B 0 0 ( 00 � 3h 0)f( 0) (16)

0 = 3hA 0 + A 0 0 00 � c1 + 3B 0 (h0 0 + h 00 + 3h2 0) + 3hB 0 0 0 00 , (17)

where we have used the Hamiltonian constraint (9) in Equation (10). Primes denote derivatives with respect to
dimensionless time ⌧ and  0 subscripts indicate derivatives with respect to  0. We have multiplied the scale factor
equation (16) by an arbitrary, non-zero function of  0, f( 0). The field equations (15–17) give the general description
of the dynamics of this system 1.

We now wish to move on-shell and search for a particular solution to the equations for which there is a de Sitter
state H = Hds, that is h =  ⌘ Hds/M = const. We stress that the following equations apply only on-shell, that is
after imposing the ansatz h = . For this choice, Equations (16, 17) reduce to

0 = �A 0F ( 0) + B 0 ( 00 � 3 0)F ( 0) (22)

0 = 3A 0 + A 0 0 00 � c1 + 3B 0 ( 00 + 32 0) + 3B 0 0 0 00 , (23)

where F ( 0) ⌘  0f( 0) 6= 0.
Demanding the existence of a solution h =  that is independent of  and ⇢⇤ generically overconstrains the

dynamical system. The standard self tuning mechanism [13, 14] evades this issue by requiring that the scalar field
equation (23) is identically zero on-shell , and also possesses a non-trivial h0 dependence away from the de Sitter
state. In Appendix B we study the class of functions A, B that generate self-tuning solutions using this standard
mechanism. However, there is an alternative form of degeneracy that we focus on in this work. Specifically, we search
for functions A, B for which Equations (22, 23) are equivalent.

To enforce this condition we separately equate the coe�cients of the  00 terms, and all other terms. That is, we
demand that the functions A, B satisfy the following conditions

F ( 0)B 0 = A 0 0 + 3 (B 0 0 0 + B 0) (24)

�F ( 0) (A 0 + 3B 0 0) = 3 (A 0 + 3B 0 0) � c1 . (25)

We can partially solve these equations and express A 0 , B 0 in terms of F as

A 0 =
c1

3+ F
+ 3c1

F 0 0

F (3+ F )2
(26)

B 0 = �c1
F 0

F (3+ F )2
. (27)

Note that both A and B require c1 6= 0, i.e. the tadpole term plays a crucial role.

1 In terms of the property functions of [49], we have

↵T = 0 , (18)

↵M = 0 , M2
? = M2

pl , (19)

↵B = (2�̇/H)XGX = (M/Mpl)
2( 0)3B 0/h , (20)

↵K =
2X

H2
(KX + 2XKXX) + 12

�̇

H
X(GX + XGXX) =

M2

hM2
pl

( 0)2A 0 0 + 6
M2

hM2
pl

( 0)3B 0 0 . (21)

Note that the important tadpole term c1 does not enter into the property functions, only appearing explicitly in the background
equations, suitable for tuning away a cosmological constant.

The attractor behavior is clear: 
many different initial 
conditions all lead to same 
trajectory, and to de Sitter 
state h=constant=1. 
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Plugging this partial solution back into the on-shell Equations (22, 23) yields the equation

 00 = � (3+ F )F

F 0
, (28)

where F ( 0) 6= 0. Both equations reduce to (28), as they should as we have demanded that the equations are
degenerate when imposing h0 = 0, h = . Clearly the scalar field is evolving at this point, indicating that the de
Sitter state is not a mathematical fixed point of the system. The dynamics of  depends on the functional form of F
– this reflects the fact that there is a family of functions A, B that can screen ⇢⇤. If we fix F ( 0) then we fix the A,
B functions appearing in the action. Note that a constant part of A can be absorbed into ⇢⇤, and a constant part of
B gives rise to a total derivative term in the action, so we ignore both.

One can calculate B in terms of F ( 0),

B( 0) = � c1
92


3

3+ F
+ ln

✓
F

3+ F

◆�
. (29)

However, one cannot compute A( 0) in closed form without first specifying F ( 0).
Let us review our approach. We have imposed an ansatz h =  that is independent of the field  ,  0, and ⇢⇤. For

this choice to be a solution to the field equations, we require some form of redundancy. This can be achieved either
by demanding that the scalar field equation is trivial at h = , or that the scalar field and scale factor equations are
equivalent at h = . We are studying classes of models for which the latter condition is enforced, and find that any
pair of A, B functions related via Equations (26, 27) will generate a degenerate de Sitter point. The function F ( 0)
is arbitrary and unphysical, it is simply a mechanism by which we can write the functions A, B in parametric form.
The second requirement for self-tuning, which is that the scalar field equation possesses a non-trivial h0 dependence,
is also satisfied by these models.

To exhibit the self tuning behaviour described in this section, we provide the simplest non-trivial example of an
action that admits de Sitter solutions and redundant field equations. In the Appendices we study some more complex
models that also exhibit self tuning.

B. Example: A 0 = 0

The simplest example that can be presented is one in which A = const, which value can be absorbed into the
vacuum energy ⇢⇤. This model will be characterised only by the tadpole term c1M

4 and M4B( 0)⇤ in the action
(in conjunction with the standard Einstein-Hilbert action). From Equations (26, 27) a function F ( 0) exists for which
A 0 = 0:

c1
3+ F

+ 3c1
F 0 0

F (3+ F )2
= 0 (30)

F ( 0) = � 3

1 �  0 (31)

A( 0) = const (32)

B( 0) =
c1
92

✓
ln 0 +

1

 0

◆
. (33)

The field equations read

3
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h2 =

M2
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2
⇤

M4
� c1 +

c1
32

h( 0 � 1) (34)

2
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1 � 1
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( 00 � 3h 0) (35)

0 = �c1 +
c1
32

✓
1 � 1

 0
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h0 + 3h2

�
+

c1
32

h
 00

( 0)2
. (36)

Equations (34–36) describe the dynamics of the model specified by functions (32, 33), for all h and  . If we search for
de Sitter solutions by fixing h = const, h0 = 0 we find that a solution exists for which h =  and both Equations (35, 36)
reduce to

 00 = 3 0 , (37)

5
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, 

The expansion history h(t) 
is simply that of ΛCDM, 
despite a large early CC. 
The matter epoch is 
preserved and gives way 
to current acceleration. 
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Outline 

•  The Well Tempered Cosmological Constant 

-- The Planck Scale and the Late Λ  

•  Inflation and Dark Energy  

-- Starobinsky Inflation, α attractors, w≠-1 

•  CMB B-modes and Modified Gravity  

-- including Keeping Gravity Stable 

•  Gravitational Waves and Cosmic Structure?!  
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Inflation and Dark Energy 

The last remaining unobserved prediction from 
inflation is primordial gravitational waves. The 
tensor-scalar ratio r<0.064 (95% CL).  

Starobinsky inflation predicts r=12α/N2=0.0033 (α=1).  

α attractors can explain why r~1/N2.  

One can also use them to connect inflation with 
current cosmic acceleration. Akrami+, Dimopoulos+, van den Bruck+  

Exponential drop e-2γ with γ~125.  

At late times,  V ⇠ e2'/
p
6↵

w ! �1 +
2

9↵

1

V ⇠ e2'/
p
6↵

w ! �1 +
2

9↵

1

Akrami+ 2018 

Planck X 2018 
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Inflation and Dark Energy 

Extraordinary prediction:  

 

We must win at something! Either α is large enough 
to see GW in CMB, or small enough that we see 
distinction of DE from Λ.  

V ⇠ e2'/
p
6↵

w ! �1 +
2

9↵

1 + w ⇠ 1

↵

1

V ⇠ e2'/
p
6↵

w ! �1 +
2

9↵

1 + w ⇠ 1

↵

r ⇠ ↵

1

Connect to DE flow formalism, 
model independent potential 
Akrami, Linder, Vardanyan in progress 

DE observations imply α~1-2, 
recall α=1 is Starobinsky model. 
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•  The Well Tempered Cosmological Constant 

-- The Planck Scale and the Late Λ  

•  Inflation and Dark Energy  

-- Starobinsky Inflation, α attractors, w≠-1 

•  CMB B-modes and Modified Gravity  

-- including Keeping Gravity Stable 

•  Gravitational Waves and Cosmic Structure?!  
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CMB B-modes and Gravity 

Effective field theory approach to modified gravity 
defines property functions αB, αK, αM, αT. We know* 
αT=0, and αK is only important on horizon scales. 

Even with αT=0, GW propagation affected by αM.  

5

FIG. 3. Regions of stability (levels of green) and gradient
instability (red) plotted in the αB,0 and αM,0 plane for s = 1.3
(dark green), s = 1.5 (green) and s = 1.7 (light green). Black
solid line corresponds to f(R) theories (αB = −αM ), blue
dotted line corresponds to No Slip Gravity (αB = −2αM ).

FIG. 4. The primordial B-mode spectrum calculated using
the property function parametrization of Horndeski models
within the hi_class, with time dependence a1, for five val-
ues of αM,0 = 1, 2, 3, 4, 5, and αB,0 = 1 or −3, αK,0 = 0.001.
The inset zooms in on the low multipoles, showing that only
αM matters. The tensor-to-scalar ratio r = 0.01 and all spec-
tra include the effects of gravitational lensing. The ΛCDM
primordial spectrum is given by the solid black curve.

This then becomes

αM,0

[

(2s− 3)Ωma−3 + 2s(1− Ωm)
]

≤ 0 , (5)

where we ignore radiation. We can readily define three
cases:

N1. s > 3/2: Stable for αM,0 < 0.

N2. s < 3Ωm/2: Stable for αM,0 > 0.

N3. 3Ωm/2 < s < 3/2: Unstable at some point in a =
[0, 1].

This agrees with the dotted line in Fig. 2 representing the
No Slip Gravity condition αB = −2αM (note αM,0 = 0
is just general relativity).

For f(R) gravity the stability condition in the power
law αM (a) model reads

αM,0

[

1− s+
αM,0as

2
+

3

2

Ωma−3

Ωma−3 + 1− Ωm

]

≥ 0 . (6)

This gives four cases:

F1. s > 5/2: Stable for αM,0 < 0.

F2. 0 < s < 1 + 3Ωm/2: Stable for αM,0 > 0.

F3. 1 + 3Ωm/2 < s < 5/2: Necessary but not sufficient
condition for stability is αM,0 > 2[s−(1+3Ωm/2)].

F4. s = 0: Stable for αM,0 > 0 and αM,0 < −5.

This agrees with the solid line in Fig. 2 representing the
f(R) gravity condition αB = −αM . (Note that s = 2
requires αM,0 > 1.11; the exact stability condition for
case F3. is analytic but messy, so we only show the sim-
pler necessary condition.) For s = 0 we see islands of
stability appear that are disconnected from each other.
This is an interesting property that we revisit in the
next section when considering implicitly stable numer-
ical parametrizations.

There is physical motivation for these two theories,
while there is not in general for ones with arbitrary
αB = −rαM . However, we can use such a relation to
show that:

R1. s > 3/2: Stable for αM,0 > 0 when r < 4/(2s− 1),
for αM,0 < 0 when 4/(2s− 1) < r < 2.

R2. s < 3/2: Stable for αM,0 > 0 when r < 2/(1 + s−
3Ωm/2), unstable for αM,0 < 0.

R3. r < 0: Unstable.

It is interesting to note that αB = −2αM , i.e. No Slip
Gravity, is a bounding model in the first case above.

For the two physical theories we now consider the forms
of the sound speed cs that these stable solutions repre-
sent. Figure 5 and Figure 6 show cs(a) for various stable
power law forms of No Slip Gravity, for αM,0 > 0 and

Low l bump is 
primordial GW. Clear 
impact of (only) αM. 

High l bump is lensing. 
Matter growth 
suppression by αM, αB. 

hi_class with αi=αi,0a1  

Denissenya & Linder 1808.00013 
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CMB B-modes and Gravity 

Physics results very sensitive to parametrization of 
property functions – not good!  

Parametrization also affects stability.  5

FIG. 3. Regions of stability (levels of green) and gradient
instability (red) plotted in the αB,0 and αM,0 plane for s = 1.3
(dark green), s = 1.5 (green) and s = 1.7 (light green). Black
solid line corresponds to f(R) theories (αB = −αM ), blue
dotted line corresponds to No Slip Gravity (αB = −2αM ).
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The inset zooms in on the low multipoles, showing that only
αM matters. The tensor-to-scalar ratio r = 0.01 and all spec-
tra include the effects of gravitational lensing. The ΛCDM
primordial spectrum is given by the solid black curve.
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is just general relativity).
For f(R) gravity the stability condition in the power

law αM (a) model reads

αM,0

[

1− s+
αM,0as

2
+

3

2

Ωma−3

Ωma−3 + 1− Ωm

]

≥ 0 . (6)

This gives four cases:

F1. s > 5/2: Stable for αM,0 < 0.

F2. 0 < s < 1 + 3Ωm/2: Stable for αM,0 > 0.

F3. 1 + 3Ωm/2 < s < 5/2: Necessary but not sufficient
condition for stability is αM,0 > 2[s−(1+3Ωm/2)].

F4. s = 0: Stable for αM,0 > 0 and αM,0 < −5.

This agrees with the solid line in Fig. 2 representing the
f(R) gravity condition αB = −αM . (Note that s = 2
requires αM,0 > 1.11; the exact stability condition for
case F3. is analytic but messy, so we only show the sim-
pler necessary condition.) For s = 0 we see islands of
stability appear that are disconnected from each other.
This is an interesting property that we revisit in the
next section when considering implicitly stable numer-
ical parametrizations.
There is physical motivation for these two theories,

while there is not in general for ones with arbitrary
αB = −rαM . However, we can use such a relation to
show that:

R1. s > 3/2: Stable for αM,0 > 0 when r < 4/(2s− 1),
for αM,0 < 0 when 4/(2s− 1) < r < 2.

R2. s < 3/2: Stable for αM,0 > 0 when r < 2/(1 + s−
3Ωm/2), unstable for αM,0 < 0.

R3. r < 0: Unstable.

It is interesting to note that αB = −2αM , i.e. No Slip
Gravity, is a bounding model in the first case above.
For the two physical theories we now consider the forms

of the sound speed cs that these stable solutions repre-
sent. Figure 5 and Figure 6 show cs(a) for various stable
power law forms of No Slip Gravity, for αM,0 > 0 and

9

FIG. 10. The combined sound speed q ≡ αc2s(a) is plotted
vs log scale factor for f(R) gravity (dashed, blue curve for
αM,0 = 1 and dotted, dark green curve for αM,0 = 0.5) and
No Slip Gravity (solid, black curve) with αM (a) given by the
hill form. The dot dashed, magenta curves for each case give
a fit to q(a), using a similar hill functional form. Note for
No Slip Gravity that q simply scales with αM,0, while there
is mild additional dependence for f(R) gravity.

class of gravity theory, i.e. the ratio αB/αM that are
the characteristics of No Slip Gravity and f(R) gravity.
These key ratios are, in the reconstruction, neither con-
stant nor centered on the right values for the two theories.

Finally, if one propagates the reconstruction to
the modified Poisson equation gravitational strengths,
Gmatter and Glight, one breaks characteristics such as
Gmatter = Glight for No Slip Gravity and also obtains
pathological results at some redshifts as their denomina-
tors vanish due to inaccuracy of the reconstructed αB and
α′

B. (See [18] for a different study of the impact of stabil-
ity on the gravitational strengths.) This is of particular
concern since they are closely related to observables. It
appears that even modestly inexact parametrization of
the sound speed can lose significant information on the
nature of modified gravity.

If even these two viable theories, much less com-
plicated than many Horndeski theories, cannot easily
parametrize the essential element, q, entering the sta-
bility approach, and give rise to accurate physical in-
terpretation, then the utility of property function (and
sound speed) parametrization seems to lack robustness.
We discuss an alternative in the Conclusions.

FIG. 11. Approximating the exact solution for q by a hill
form, i.e. a reasonable parametrization attempt, does not re-
construct accurately the input gravity theories. Solid curves
are the true αB for the input No Slip Gravity (dark black) or
f(R) gravity (light blue) theories, while dashed curves show
the reconstruction based on using parameters that match
the αc2s curves in Fig. 10. Dotted curves show the ratio
αB,recon/αM,input; if the reconstruction were accurate then
these curves should be horizontal at −2 for No Slip Gravity
and at −1 for f(R) gravity. While αB may look of a similar
hill form as αM , the No Slip Gravity relation αB = −2αM or
the f(R) gravity relation αB = −αM is not followed.

VI. CONCLUSIONS

Modified gravity as an explanation for cosmic acceler-
ation is a highly attractive concept, and has been con-
nected to the observations in an increasingly sophisti-
cated manner in recent years. If one wants to extract
general physical characteristics of the theory, rather than
working within one specific theory (with a particular
functional form assumed, and particular values for the
parameters assumed), then approaches such as effective
field theory or property functions or modified Poisson
equations are quite useful.
However, these all contain functions that themselves

need to be parametrized. Even before engaging in de-
tailed calculations of such parametrized theories one
must check that the theory is sound: lacking ghosts
and instability. We examined in some detail the relation
between the functional parametrization in the property
function approach and the stability of the theory: the
relation is not trivial. In particular, we showed how the
stability evolves with redshift, picking out different re-
gions of parameter space that can have complex structure
(see Fig. 1). The final allowable stable part of parame-

as with s=1.3, 1.5, 1.7 Fit exact cs
2 with 3 parameters, 

then reconstruct theory – fails! 

* Distorts the theory  
* Generates slip 
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Implications of cT = c 

Δt 
Light follows null geodesics.  

If GW follows disformal à Δt.  

Only conformal theories survive. 
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1For nonrelativists: 

“Additive” gravity is dead 
“Multiplicative” gravity is ok 

GW170817 + GRB1070817A: synchronicity of GW and photon 
arrival within 2 seconds after signal propagation for 130 My 
(400 x 1013 s) limits cT /c – 1 < 10-15. 

Any theory with cT ≠ c is essentially* ruled out.  
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Gravitational Wave Distances 

Just because cT=c doesn’t mean no effect on GW 
propagation.  

2

scalar-tensor models.
One generically expects that if there is such a confor-

mal coupling of gravity, the model must feature screen-
ing so that precision tests of gravity do not already rule
it out. This screening mechanism would act as to sup-
press the Solar-System value of –

M

, which is essentially
the rate of change per Hubble time of the gravitational
constant, compared to that in the wider cosmology. The
present and local value of |–

M

| can indeed be constrained
to be less than 0.01÷0.03 in the laboratory and in the So-
lar System (see for instance a recent summary of results
and a positive detection in [24]). A cosmological con-
straint from Big-Bang nucleosynthesis (BBN) is also a
stringent one, |G

BBN

/G
0

≠ 1| . 0.2 [25]. The Planck
constraint on the variation of the mass of the electron,
�m

e

/m
e

. 0.01 [26] can, in these gravity theories, be
re-interpreted as the variation of the Planck mass. As
will be shown in the following, the completely indepen-
dent test we propose here can reach similar or even better
sensitivity.

The idea of using GWs to test –
M

and –
T

was put for-
ward for the first time in [27], where it was shown that B-
modes created by primordial GWs in the polarized Cos-
mic Microwave Background (CMB) sky can in principle
constrain both quantities. The Planck’s CMB analysis
[28] produced, for some classes of functional parametriza-
tion of –

M

(t), errors around 0.05 at 95% confidence level
for the present value of –

M

. These errors, however, de-
pend on the assumption of a standard cosmological model
and, in particular, of a �CDM background. Therefore,
these are tests of structure formation for particular mod-
ified gravity models, rather than direct tests of generic
modifications of gravity.

In contrast, we shall emphasise that the method we
propose here is independent of the underlying cosmolog-
ical model and of the precise model of modified gravity.
Another advantage with respect to CMB or BBN con-
straints is that one can in principle map the evolution of
–

M

in an extended redshift range from today to z ¥ 8.

GW PROPAGATION

We consider a flat Friedmann-Robertson-Walker
(FRW) spacetime with scale factor a and conformal Hub-
ble function H. As it has been shown in [2], in such
a cosmological background the GW amplitude h in any
modified gravity theory which does not give gravitons a
mass, obeys the equation

ḧ + (2 + –
M

)Hḣ + c2

T

k2h = 0, (1)

where the dot stands for a derivative with respect to con-
formal time, c

T

is the speed of GWs, and

–
M

= H≠1

d ln M2

ú
dt

(2)

expresses the time variation of the time-dependent e�ec-
tive Planck mass Mú (see [13]). M2

ú is defined as the
normalization of the kinetic term for the metric fluctua-
tions h in the action for perturbations. For example, in
the simple case of a Brans-Dicke gravity with parameter
Ê, one finds –

M

= 1/(1 + Ê).
The GW event reported in Ref. [1] has shown that

c
T

= 1 with extreme precision, at least for the present
Universe. Here we would like to investigate the observ-
able e�ects of –

M

on the GW signal, remembering that,
fixing –

M

, –
T

, as already mentioned, amounts to com-
pletely fixing the non-minimal scalar-tensor interaction.

Let us define the field v © Múah. This quantity obeys
the equation of motion

v̈ + k2v ≠ µ2v = 0, (3)

with tachyonic mass µ of order H, and given by 4µ2 ©
(2+–

M

)2H2+2(2+–
M

)Ḣ+4–̇
M

H. So, provided that the
wavelength of the GW is subhorizon, k ∫ H, v evolves
according to the standard wave equation, v̈+k2v = 0, i.e.
subhorizon GWs in the Jordan frame evolve according to

h = h
a

ei(kx≠Êt) , h
a

aMú = const, (4)

where h
a

is the wave’s amplitude. This result implies
that h

a

is sensitive only to the ratio of the e�ective Planck
mass and scale factors at emission and observation.

In GR, the GW amplitude can be related to the lumi-
nosity distance d

L

of the source from the observer – the
potential evolution of Mú is the only modification here,
so that

h
a

=
3

Mú,em

Mú,obs

4
◊ h

s

, (5)

where h
s

is the standard amplitude expression that, for
merging binaries, can be approximated as (see e.g. equa-
tion (4.189) of [29])

h
s

= 4
d

L

3
GM

c

c2

4
5/3

3
fif

GW

c

4
2/3

, (6)

with M
c

the so-called chirp mass and f
GW

the GW fre-
quency measured by the observer.

The observable signal in the two polarizations h
+

, h◊
is finally obtained by multiplying h by sinusoidal oscilla-
tions and by the factors cos i (for the ◊ polarization) and
the (1+cos2 i)/2 (for the + polarization) that depend on
the inclination i of the binary orbit with respect to the
line of sight.

As a concrete example, in the rest of this paper we
assume for simplicity that –

M

is constant in the region
of observability (i.e. for z Æ 2 roughly). Then we have
that,

Mú ≥ a
–M

2 , (7)

GW amplitude is proportional to 1 / distance    
(energy goes as inverse square)  

  h ~ 1/DL
GW  

So we can measure changes in gravity by 
comparing the GW distance to the photon 
luminosity distance to the same object.  

Horndeski αM (running of Planck mass) damps h.  
Nishizawa 1710.04825        
Arai & Nishizawa 1711.03776 
Belgacem+ 1712.08108 
Amendola+ 1712.08623 
Linder 1801.01503 
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Gravitational Wave Distances 

4

lowing [18, 19] we see that the GW strain amplitude

h = hGRe−(1/2)
∫

obs

em
d ln aαM (a) = hGRe−(1/2)

∫
obs

em
d lnM2

⋆
(a)(24)

= hGR

[

M2
⋆,em

M2
⋆,obs

]1/2

. (25)

Since the strain is inversely proportional to the standard
siren luminosity distance, one has1

dL,GW (a) = dGR
L (a)

[

M2
⋆ (a = 1)

M2
⋆ (a)

]1/2

. (26)

This is a quite general expression for Horndeski gravity
and some other theories. Note in particular that the pho-
ton luminosity distance is simply dGR

L so a comparison of
the GW standard siren distance and the photon standard
candle distance gives a simple test of gravity. Thus one
can in principle measure the evolution of M⋆(a); the run-
ning αM would require a derivative of noisy data. For No
Slip Gravity we have the further simplification that

dL,GW (a) = dGR
L (a)

[

Gmatter(a)

Gmatter(a = 1)

]1/2

, (27)

and one could compare the modified gravity derived from
GW in the tensor sector to that from growth of structure
in the scalar sector.
Returning to growth observables, galaxy redshift sur-

veys already have a slew of measurements of the growth
rate quantity fσ8. Figure 3 compares the predictions
of No Slip Gravity, where we use the exact solution of
growth, with the cosmic expansion fixed to the best fit
Planck cosmology (i.e. flat ΛCDM with Ωm = 0.31), to
a compendium of current observations.
The fits of the two representative models of No Slip

Gravity, employing a motivated functional form for
M2

⋆ (a) and αM (a) respectively, are quite good. Recall
they have the same expansion history as the Planck cos-
mology, and so will fit distance data as well as the concor-
dance, general relativity cosmology. They provide better
fits to the growth rate data coming from redshift space
distortion measurements, however. We find that current
observations are well fit by the M2

⋆ model with µ = 0.1
or the αM model with A = 0.03, both with transition
time at = 0.5 and τ = 1.5.

We can further highlight the deviation from general rel-
ativity by employing the conjoined expansion and growth
history visualization of [26]. Figure 4 illustrates that the
modification of gravity is distinct from a change in the
background cosmological model. Recall that for the No
Slip Gravity models we adopted the Planck cosmology
of flat ΛCDM with Ωm = 0.31, but we see the modified
gravity conjoined growth-expansion history in terms of

1 During the late stages of this work, [20] appeared with an equiv-
alent expression.

FIG. 3. Current measurements of the cosmic structure
growth rate fσ8 are compared with the general relativity pre-
diction for the Planck cosmology (Ωm = 0.31; solid black
curve) and the No Slip Gravity models of M⋆ (dashed blue)
and αM (dot dashed red) functions. The data points come
from 6dFGRS (6; [21]), GAMA (G; [22]), BOSS (B; [23]),
WiggleZ (W; [24]), and VIPERS (V; [25]).

fσ8 vs H does not lie along the general relativity curves.
While one can change the background to match the mod-
ified gravity prediction over a narrow range of redshifts,
the modified gravity model has its own characteristic be-
havior.

Next we consider the leverage of next generation obser-
vations, such as from the Dark Energy Spectroscopic In-
strument (DESI [27]), with percent level measurements of
fσ8 to test gravitation theory. We carry out a Fisher in-
formation analysis following the approach of [28] in test-
ing early modified gravity. The data is taken to be future
measurements of fσ8 in 18 redshift bins over z = 0.05–
1.85 as projected by [27]. Only linear modes are used,
out to kmax = 0.1 h/Mpc. We include a Gaussian prior
on the matter density Ωm of 0.01 to represent external
data such as Planck CMB measurements.

For the gravity model we take the fit parameters as
exhibited in Fig. 3, for the two cases. In each case we fix
at = 0.5 as a reasonable transition time and τ = 1.5 as
the maximum allowed rapidity. Constraints weaken for
early or late transitions, and slow ones, due to param-
eter degeneracies so we present an optimistic scenario
for searching for modifications to gravity. We fit for the
matter density and amplitude of the deviation from gen-
eral relativity, either µ in the M2

⋆ model or A in the αM

model. Both correspond to the maximum deviation over
time of the functions from the general relativity limit.
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GW in the tensor sector to that from growth of structure
in the scalar sector.

Returning to growth observables, galaxy redshift sur-
veys already have a slew of measurements of the growth
rate quantity fσ8. Figure 3 compares the predictions
of No Slip Gravity, where we use the exact solution of
growth, with the cosmic expansion fixed to the best fit
Planck cosmology (i.e. flat ΛCDM with Ωm = 0.31), to
a compendium of current observations.

The fits of the two representative models of No Slip
Gravity, employing a motivated functional form for
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distortion measurements, however. We find that current
observations are well fit by the M2

⋆ model with µ = 0.1
or the αM model with A = 0.03, both with transition
time at = 0.5 and τ = 1.5.

We can further highlight the deviation from general rel-
ativity by employing the conjoined expansion and growth
history visualization of [26]. Figure 4 illustrates that the
modification of gravity is distinct from a change in the
background cosmological model. Recall that for the No
Slip Gravity models we adopted the Planck cosmology
of flat ΛCDM with Ωm = 0.31, but we see the modified
gravity conjoined growth-expansion history in terms of
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FIG. 3. Current measurements of the cosmic structure
growth rate fσ8 are compared with the general relativity pre-
diction for the Planck cosmology (Ωm = 0.31; solid black
curve) and the No Slip Gravity models of M⋆ (dashed blue)
and αM (dot dashed red) functions. The data points come
from 6dFGRS (6; [21]), GAMA (G; [22]), BOSS (B; [23]),
WiggleZ (W; [24]), and VIPERS (V; [25]).

fσ8 vs H does not lie along the general relativity curves.
While one can change the background to match the mod-
ified gravity prediction over a narrow range of redshifts,
the modified gravity model has its own characteristic be-
havior.

Next we consider the leverage of next generation obser-
vations, such as from the Dark Energy Spectroscopic In-
strument (DESI [27]), with percent level measurements of
fσ8 to test gravitation theory. We carry out a Fisher in-
formation analysis following the approach of [28] in test-
ing early modified gravity. The data is taken to be future
measurements of fσ8 in 18 redshift bins over z = 0.05–
1.85 as projected by [27]. Only linear modes are used,
out to kmax = 0.1 h/Mpc. We include a Gaussian prior
on the matter density Ωm of 0.01 to represent external
data such as Planck CMB measurements.

For the gravity model we take the fit parameters as
exhibited in Fig. 3, for the two cases. In each case we fix
at = 0.5 as a reasonable transition time and τ = 1.5 as
the maximum allowed rapidity. Constraints weaken for
early or late transitions, and slow ones, due to param-
eter degeneracies so we present an optimistic scenario
for searching for modifications to gravity. We fit for the
matter density and amplitude of the deviation from gen-
eral relativity, either µ in the M2

⋆ model or A in the αM

model. Both correspond to the maximum deviation over
time of the functions from the general relativity limit.

Modified gravity αM (running of Planck mass) 
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GW distance tied to growth! 

If we detect, e.g., a suppression in growth, then this 
can be checked vs GW distances different than GR. 4

lowing [18, 19] we see that the GW strain amplitude
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and some other theories. Note in particular that the pho-
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the GW standard siren distance and the photon standard
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and one could compare the modified gravity derived from
GW in the tensor sector to that from growth of structure
in the scalar sector.

Returning to growth observables, galaxy redshift sur-
veys already have a slew of measurements of the growth
rate quantity fσ8. Figure 3 compares the predictions
of No Slip Gravity, where we use the exact solution of
growth, with the cosmic expansion fixed to the best fit
Planck cosmology (i.e. flat ΛCDM with Ωm = 0.31), to
a compendium of current observations.

The fits of the two representative models of No Slip
Gravity, employing a motivated functional form for
M2

⋆ (a) and αM (a) respectively, are quite good. Recall
they have the same expansion history as the Planck cos-
mology, and so will fit distance data as well as the concor-
dance, general relativity cosmology. They provide better
fits to the growth rate data coming from redshift space
distortion measurements, however. We find that current
observations are well fit by the M2

⋆ model with µ = 0.1
or the αM model with A = 0.03, both with transition
time at = 0.5 and τ = 1.5.

We can further highlight the deviation from general rel-
ativity by employing the conjoined expansion and growth
history visualization of [26]. Figure 4 illustrates that the
modification of gravity is distinct from a change in the
background cosmological model. Recall that for the No
Slip Gravity models we adopted the Planck cosmology
of flat ΛCDM with Ωm = 0.31, but we see the modified
gravity conjoined growth-expansion history in terms of
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FIG. 3. Current measurements of the cosmic structure
growth rate fσ8 are compared with the general relativity pre-
diction for the Planck cosmology (Ωm = 0.31; solid black
curve) and the No Slip Gravity models of M⋆ (dashed blue)
and αM (dot dashed red) functions. The data points come
from 6dFGRS (6; [21]), GAMA (G; [22]), BOSS (B; [23]),
WiggleZ (W; [24]), and VIPERS (V; [25]).

fσ8 vs H does not lie along the general relativity curves.
While one can change the background to match the mod-
ified gravity prediction over a narrow range of redshifts,
the modified gravity model has its own characteristic be-
havior.

Next we consider the leverage of next generation obser-
vations, such as from the Dark Energy Spectroscopic In-
strument (DESI [27]), with percent level measurements of
fσ8 to test gravitation theory. We carry out a Fisher in-
formation analysis following the approach of [28] in test-
ing early modified gravity. The data is taken to be future
measurements of fσ8 in 18 redshift bins over z = 0.05–
1.85 as projected by [27]. Only linear modes are used,
out to kmax = 0.1 h/Mpc. We include a Gaussian prior
on the matter density Ωm of 0.01 to represent external
data such as Planck CMB measurements.

For the gravity model we take the fit parameters as
exhibited in Fig. 3, for the two cases. In each case we fix
at = 0.5 as a reasonable transition time and τ = 1.5 as
the maximum allowed rapidity. Constraints weaken for
early or late transitions, and slow ones, due to param-
eter degeneracies so we present an optimistic scenario
for searching for modifications to gravity. We fit for the
matter density and amplitude of the deviation from gen-
eral relativity, either µ in the M2

⋆ model or A in the αM

model. Both correspond to the maximum deviation over
time of the functions from the general relativity limit.

Example:  No Slip Gravity 
(1 free function) fits growth 
from redshift space 
distortions, better than GR.   

It predicts ~5% deviation in 
GW distances. 

Galaxy surveys have deep complementarity 
with GW and CMB surveys.  
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Summary 

The well tempered cosmological constant is a 
solution to the original cosmological constant 
problem, improving on self tuning.  

Inflation may be tied to dark energy in a win or win 
situation: either we find primordial GW or w≠-1. 
 

Modified gravity stability and interpretation can be 
very sensitive to parametrization. Parametrize 
Poisson equations not EFT.  

The tensor sector of modified gravity can be probed 
by interferometers, and CMB, and cosmic surveys. 
Crosscheck between gravitational wave distance 
and structure growth!  
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