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ABSTRACT

ThesupernovaeHubblediagramtracestheexpansionhistoryof theuniverse,
including the influenceof dark energy. Its useto probethecosmologicalmodel
canfruitfully beguidedby heuristicstudyof thefeaturesof themodelcurves.By
relatingthesedirectly to thephysicsof theexpansionwe canunderstandsimply
theoptimal redshiftrangefor supernovaeobservations,requiringa survey depth
of z � 1 � 5 � 2 to distinguishevolution in darkenergy properties.

1 Energy Densities and Acceleration

The Friedmannequationsdescribethe physicsof the expansionin termsof the
energy densityin thecomponents,

�
Ωi � , andtheirequationsof state

�
wi � pi � ρi � :�

ȧ � a � 2 � H2
0

	
∑

i
Ω 
i � z ��� � 1 � ΩT � � 1 � z � 2
 (1)

ä � a � � � 1� 2� H2
0 ∑

i

�
1 � 3wi � Ω 
i � z ��� (2)

with ΩT
� ∑i Ωi

� ∑i Ω 
i � 0� andtheenergy densitiesof independentcomponents
evolving accordingto

Ω 
i � z � � �
8π � 3H2

0 � ρi
�
z � � Ωi

�
1 � z � 3e3 � ln � 1� z �

0 d ln � 1� z ��� w � z ��� � (3)� Ωi
�
1 � z � 3 � 1� w � �

w constant��� (4)

Becauseof thesediffering evolutionswith redshift, the ratio of energy den-
sities changeswith time and the dominantdynamiccomponentat one epoch,
that driving the expansionrate,may give way to anothercomponent.Similarly
theaccelerationbehavior of theexpansionmayalter, with a differentcomponent
dominating. The global expansionmay even changefrom deceleration(ä � 0)
to acceleration(ä � 0), signifying a total equationof statesufficiently negative
to breakthe strongenergy condition (wT ��� 1� 3). We denotesuchswitching
epochsaszeq andzac respectively.

The redshift of equalitybetweentwo components,taken hereto be nonrel-
ativistic matter (w � 0) and someother component,presumablywith negative
equationof state,is whenΩ 
m � zeq � � Ω 
w � zeq � :

zeq
��� Ωw

Ωm  1! 3w � 1 � (5)
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whenw is constant(noteΩ’sarealwayspresentvalues,unlikeΩ 
 � z � ).
Theswitch to an acceleratinguniversetakesplacewhen ä � 0, at, assuming

only two componentsaredynamicallyimportant,

zac
�#" � � 1 � 3w � Ωw

Ωm $ 1! 3w � 1 � (6)

againassumingw constant.Thequantitieszeq andzac areplottedin Figure1 for
two flat models,Ωm � Ωw

� 1. The resultsdo not greatly changeif we allow
varyingw or nonflatmodels.

Figure1: Theredshiftsof matter-darkenergy equalityandof thetransitionfrom
deceleratingto acceleratingexpansionareplottedvs.equationof stateof thedark
energy, for a flat universe.Thesolid curveshave Ωm % 0 & 3, thedottedΩm % 0 & 4.

Most of theactionin thechangeover of thedynamics,both for thedominant
energy densitycomponentandtheexpansionacceleration,happensat fairly low
redshifts,z ' 0 & 5, for reasonablevaluesof thematterdensity. This is in marked
contrastto distinguishingbetweencosmologicalmodelswith fixed equationof
state,saybetweenmodelswith differentmatterdensity, wheretheexpansionbe-
havior divergesat high redshifts.Doesthis meanthatto detectthemaininfluence
of a dark energy componentwith w (*) 1+ 3 we needonly probethe expansion
history to this redshift? The answeris no, aswould be seenfrom Monte Carlo
simulationsof thecosmologicalparameterlikelihooddeterminations,but herewe
shall cometo this conclusionusinga moretransparent,intuitive examinationof
thephysicsbehindtheexpansionhistory.
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Also notethata cosmologicalmodelcanhave zeq � zac or zeq � zac, i.e. first
startacceleratingthenbecomew dominatedor v.v., dependingon the equation
of state. So the equationof stateparameter, of the dark energy or the effective
total energy, is a key variableandonethatcanbeprobedsensitively throughthe
supernovaeHubblediagramout to moderateredshifts.

In the following sectionswe examine the redshift rangefor determination
of the equationof state,discussinguseof the effective total equationof state,
evolving w

�
z � and“inertia” or “memory” in themagnitude-redshiftdiagram,and

discriminationbetweenmodelsincluding maximumdeviation andturnover rate
characteristics.

2 Hubble Diagram

The two quantitiesenteringthe Hubblediagram– magnitudeandredshift– are
direct tracersfor theexpansionhistoryof theuniverse.Themagnitudeis a loga-
rithmic measureof theluminositydistance,relatedto thelookbacktime– dimmer
meansfurtherin thepast,while theredshiftis exactly therelativeexpansionsince
thattime; thusm

�
z � is a

�
t � in atransparentsense.Curvaturein thediagramprobes

evolution in theexpansionrate: acceleration,directly dependenton theequation
of stateasseenfrom eq.2.

Explicitly, therelationsare

m
�
z � , 5logrl

�
z ��� (7)

rl
�
z � � �

1 � z � � 1 � ΩT �.- 1/ 2sinh " � 1 � ΩT � 1/ 2 0 z

0
dz 
�1H �

z 
 � � H0 2 - 1 $ (8)� �
1 � z � 0 z

0
dz 
 1H �

z 
 � � H02 - 1 �
H
�
z � � H0

� 1Ω 
m � z ��� Ω 
w � z ��� � 1 � ΩT � � 1 � z � 22 1/ 2 (9)� �
1 � z � 3/ 2 1Ωm � Ωwe3 � ln � 1� z �

0 d ln � 1� z ��� w � z ��� 2 1/ 2 �
wheretherestrictedcasesarefor flat universes,ΩT

� Ωm � Ωw
� 1.

At thelowestredshifts,theluminositydistancedependson parametersas

rl
� z � 1

2

�
1 � q0 � z2 � z3 f

�
ΩT �.3 w 4��.3 w2 45�6� (10)

whereanglebracketsdenotedensityweightedaveraging,3 w 4 � ∑i wiΩi � ΩT ; note3 w 4 � wT , theeffectiveequationof stateof all thecomponentscombined.
Themagnitude-redshifttestthereforeprobesnotonly thepresentacceleration,

q0, but differing combinationsof cosmologicalparametersin different redshift
ranges.This is oneof its greatstrengthsin that not only is it mostsensitive to
changes,e.g.acceleration,in theexpansionhistoryof theuniverseatrecenttimes,
but it provides1) complementarityto high redshift tests,othermediumredshift
tests,andeven itself over different redshift ranges;2) detectionof evolution in
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thestateandnatureof theuniverseby probingdifferentepochsthanthecosmic
microwavebackground,say, anddifferentenergy densities(smoothcomponents)
thanlargescalestructuretests;3) protectionagainstsecularor differentlyevolving
systematiceffectssuchasgrey dust.

To examineits ability to discriminatebetweencosmologicalmodelsfirst con-
sidermodelswith a singlecomponentbut differentvaluesfor the magnitudeof
theenergy density, e.g.differentΩm. Thedifferencein magnitudesbetweensuch
modelsis monotonicallyincreasingwith redshift,until rl , Ω - 1

m z at asymptoti-
cally high redshifts,sodiscriminationimproveswith ever increasingsupernovae
redshift(observationaldifficultiesaside).

But for a competingcomponent,especiallyone with negative pressure,its
influenceis seenover a limited redshift rangeand little advantageaccruesto a
deepsurvey – discriminationis squeezedin betweenthecommonlineardistance-
redshiftlaw at smallredshiftsandthematterdominatedrelationat high redshifts.
Thequestionaddressedhereis whethertheoptimalredshiftrangeis nearz � 0 � 5
or higher, andhow broadthewindow is.

3 Effective Equation of State

First considera seriesof flat, constantw modelswith fixed Ωw
� 1 � Ωm. One

mightexpectthattheirmagnitudedifferentials∆mw � � mw � mw � alsodivergewith
increasingredshift,andthat the optimal depthis thereforepushed(at leastfor-
mally) to high redshift.But this is not quitetrueasseenin Figure2.

Modelswith fixed equationof statebut differentproportionsof dark energy
andmatterindeeddiverge, showing increasingmagnitudedifferenceswith red-
shift as illustratedby the dashedcurve. But modelswith fixed energy densities
anddifferingequationsof state(constantin time) level off andnogreatadvantage
accruesto probingthecosmologywith supernovaeathigherredshift.A clearsig-
natureof modelswith bothdiffering darkenergy densityandequationof stateis
thenonmonotonicbehavior of thedottedcurve,alsoa propertyof evolving equa-
tions of stateaswe will discuss.Thesedifferentcharacteristicsof the shape,or
curvature,of the magnitude-redshiftrelationthusprovide importantcluesto the
cosmologicalmodel.

Thecurvaturein thedifferentialHubblediagram∆m � z probesthedifferen-
tial accelerationbetweenthemodels,which receivescontributionsfrom boththe
negative pressurecomponentand the increasinglydominantmatter. While this
relationbetweencurvatureandaccelerationis obviousat low redshift,asseenin
eq.10, thephysicalcorrespondencecontinuesat higherredshiftsasshown by the
following argument.

Considerrl; the key cosmologicalvariabledeterminingrl is H - 1 � z � . (It is
actuallytheintegraloverredshiftthatenters,whichwill leadto an“inertia” effect
discussedlater.) Whethermodelscontinueto divergeor turn arounddependson
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theevolutionof H - 1. The“scaleheight”of thisevolution is

d lnH - 1

d ln
�
1 � z � � � dH - 1

dt
� � � 1 � q ��� (11)

sotheevolutionin thedifferentialHubblediagramis indeeddueto thedifferential
accelerationof the models. This in turn canbe relatedto the effective, or total
equationof stateby ∆q ∝ ∆wT since

q
�
z � � �

1� 2� ∑
i

�
1 � 3wi � Ω 
i � z �57 	

∑
i

Ω 
i � z ��� � 1 � ΩT � � 1 � z � 2
 � (12)

andthetotal equationof state

wT � pT � ρT
� ∑

i
wiΩ 
i � z �58 ∑

i
Ω 
i � z � (13)

� wΩ 
w � z � � 1Ω 
m � z ��� Ω 
w � z � 2 � w 7 " 1 � Ωm

Ωw
e - 3 � d ln � 1� z � w $ �

with therestrictionfor thematterplusdarkenergy modelandwT
�
0� � wΩw � ΩT .

Figure2: Thedifferentialmagnitude-redshiftrelationis plottedfor variousequa-
tions of staterelative to the w % ) 0 & 7 case. The solid curveshave constantw
(andfixedΩw) but do not divergewith redshifttheway curvesof Ωw (at fixedw)
would (comparethedashedcurve), dueto dilution by a deceleratingcomponent.
For comparisonthedottedcurve shows the turnover behavior uponvaryingboth
w andΩw.
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Thusthekey observationalcharacteristicof curvaturein theHubblediagram
is a directprobeof thetotal equationof stateof theuniverse.Note thatevenfor
constantw the presenceof a mattercomponentaswell ensuresthat wT evolves
with redshift,with the negative pressuregraduallybeingdiluted to zeroat high
redshift. Fromeq.13 thedilution is obviously enhancedfor larger Ωm � Ωw. An
interestingpropertyis thatthedilution canbenonlinear, sinceinitially moreneg-
ative equationsof statearedilutedmorerapidly dueto their diminishingenergy
densityat higher redshifts,andso curvesof wT cancross: wT

�
w �9� wT

�
w 
 � at

high redshiftdespitew � w 
 .
4 Evolving w models

Thesameexpression,eq.13, holdsfor definingwT in thecaseof evolving dark
energy. SincewT , throughdifferentialacceleration,forms the physicalbasisfor
understandingthedeviationandcurvaturein themagnitude-redshiftdiagram,fig-
ureslike Figure3 areinvaluablefor anintuitivegraspof how modelsbehave and
how cosmologicalparameterscanbedistinguishedasa functionof survey depth.

Figure3: The total or effective equationof stateis plottedvs. redshift. Dotted
curvesareconstantw models,othershaveevolving w % w0 : w1z, with w1 % 0 & 2
for dashedcurves,w1 % 0 & 4 for solidcurves.All modelsareflat. Evenconstantw
modelseffectively evolvewith redshiftdueto matterdilution, approachingw % 0.
Dilution is nonlinearwith amodelcontainingamorenegativepressurecomponent
overtakinga lessnegativeoneandbecomingmorematterlike (decelerating).
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Herewe seethatconstantw modelsaredilutedanddo indeedcross,with the
effective equationof stateof thecosmologicalconstant(w � � 1) modelactually
greater(morematterlike anddeceleratingof the expansion)than the w � � 0 � 7
modelat z ; 0 � 8. Evolving modelsarelinearlyparametrized,w � w0 � w1z. Pos-
itive w1 of courseincreasesthe dilution, and if sustainedfor long enoughcan
drivew andwT positive,but onemustbecarefulnot to extendthelinearevolution
approximationbeyondits validity.

UsingthewT ’s of two modelsasguidesto their differentialacceleration,one
candeducethebehavior of their differentialmagnitude-redshiftbehavior ∆m

�
z � .

One expectsthat a model with wT lessthan the fiducial model (hencegreater
accelerationof theexpansion)would have a positive magnitudeoffsetat a given
redshift,i.e. possessapparentlydimmersupernovae. This offset would increase
with redshiftuntil thegreaterdilution of wT for themorenegativew modelcauses
it to approachthewT valueof thefiducial. On themagnitudediagramthis would
appearasaslowingof thedeviationandeventuallyaturnoveratapproximatelythe
redshiftwhenthetwo wT ’sagree(but seetheInertiasectionlater). If theeffective
equationsof statethenkeeppace,theturnoveris justalevelingoff, while if thewT

curvescrossthenthemagnitudedeviation approacheszero(andcango negative
thougheventuallyit levelsoff at redshiftsfully matterdominated).

For example,from Figure3 we would predicta priori that models(w0 � w1)
shouldhave thefollowing behaviors in their (differential)Hubblediagrams:< (-0.7,0.4)-(-0.7,0):increasinglynegativemagnitudedeviationwith noturnover

or slowing.< (-0.7,0.2)-(-0.7,0):increasinglynegativemagnitudedeviationwith noturnover
but gradualslowing.< (-1,0.2)-(-1,0):increasinglynegativemagnitudedeviation with no turnover
but levelingoff.< (-0.7,0.2)-(-1,0):increasinglynegative magnitudedeviation with leveling
beyondz � 1 � 5 andverygradualturnover.< -[(-1,0.4)-(-0.7,0)]:increasinglynegativemagnitudedeviationwith leveling
beyondz � 0 � 5 andturnover.

The correspondingHubble diagramsare shown in Figure 4, bearingout these
heuristicpredictions.

Thusknowledgeof the equationof statew for a modelenablesdirect qual-
itative constructionof its magnitude-redshiftrelation throughwT , including the
sign of the deviation, the presenceof leveling or turnover, andthe sharpnessof
the evolution. Quantitative resultssuchasthe sizeof the maximummagnitude
deviationmustbegottenby numericalevaluationof theluminositydistancefrom
eq.8. Howeverwecanobtaina roughestimateof theturnoverredshift,andhence
the requiredsurvey depth,by examiningthe wT curvesasabove. This method
becomesmoredefinitein theInertiasection.
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Theinverseprocessof lookingatadifferentialHubblediagramandintuitively
extractingthemodelequationof stateis moreproblematic.Onecouldprobably
geta roughsenseof wT at theredshiftof any turnover, andan indicationof how
rapidly it wasincreasingat redshiftslower andhigherthanthis, but morequan-
titativeestimatesnecessitatenumericalanalysis.Themainvirtue of theheuristic
methodthoughis estimationof theredshiftrangerequiredto distinguishmodels,
to find the“sweetspot” of theHubblediagramthatdiscriminatesbetweendiffer-
entconstantw modelsandbetweenconstantandevolving w models.Thekey to
this is theturnover from wT representingthedifferentialacceleration.

5 Inertia

While the criterion on wT for the turnover works reasonablyand was justified
physicallythroughthedifferentialaccelerationandscalelengthargumentof the
Effective Equationof Statesection,it is not the instantaneousevolution of the
HubbleparameterH

�
z � thatgovernsthedistanceandmagnitude,but ratherits be-

havior over theentireredshiftrangebetweenthesourceandobserver. Thismem-
ory (or foreshadowing) of w

� � z � producesan inertia in the magnitude-redshift
relationat z sothatit doesnot respondimmediatelyto wT

�
z � .

Figure4: Dif ferentialHubblediagramsplot the magnitudedifferencesbetween
the w = z > % w0 : w1z modelslabeledwith (w0 ? w1), exhibiting a varietyof diver-
gence,leveling, andturnover behaviors. Heuristicanalysisby meansof the total
equationsof stateis successfulin predictingthequalitativefeatures.
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For example,eventhoughwT for two modelsmayhaveconverged,theinertia
of the integral over z keepsthemfrom having a purelyconstantoffset in magni-
tude∆m. Considerconstantflat modelswith w � � 1 � 0 � 7. By z � 2 (5;10) their
wT

� � 0 � 08�5� 0 � 132 (-0.011,-0.036;-0.002,-0.010)yet their ∆m � 0 � 15 (0.13,
0.11),i.e. theoffsetis neithernegligible, asit would beif only wT

�
z � wasimpor-

tant,nor strictly constant,asit would beif theregion where∆wT
�
z �A@ 0 gave no

contribution to ∆m. Ratherthe∆wT
�
z �B@ 0 regionaddsaconstantcontribution to

eachmodel’sdistancerl which leadsto asteadydilution of ∆m , log
�
rl � r 
l � .

Inertia is alsoresponsiblefor the turnover occurringat higherredshiftsthan
thewT crossing.While this cannotbemaderigorouslyquantitativewith a solely
intuitive, ratherthan numerical,approachthe wT analysisdoesprovide a good
roughestimate(anda lower limit) for theredshiftrangecritical for distinguishing
theinfluenceof darkenergy in theHubblediagram.

Onecanseehow well this approximationworks in the numericalresultsof
Figure5, for both constantandevolving equationsof state. While wT predicts
turnoversatz � �

0 � 8 � 0 � 5 � 0 � 35� and(0.96,0.6,0.34)in thew0
� � 1 and � 0 � 8 cases

respectively for increasingw1, they occuratz � �
1 � 7 � 0 � 9 � 0 � 6� and( � 2,1.13,0.55).

(Note thataskingwherethe w’s ratherthanwT ’s crossis moreaccuratebecause
dilution actsoppositeto inertia,but it is lessphysicallyjustifiedandis undefined
in thecaseof constantw models.)

Two interestingpointsare that for all six modelsthe wT criterion definesa
redshiftabouthalf of theredshiftat peakmagnitudedeviation (turnover) andthe
magnitudedeviation thereis consistentlywithin 11-13%of the peakdeviation,
dueto the gradualnessof the leveling or turnover. If thesecharacteristicswere
shown to befairly general(asthey seemto begiventhewide rangeof w0 andw1

in thesix models)thenthe wT criterioncould in fact becalibratedto bea fairly
robustpredictorof boththeturnoverredshiftandmagnitudedeviation.

6 Summary

TheHubblediagramof Type Ia supernovaeis well suitedto probingthecosmo-
logical modelfor theexistenceandpropertiesof darkenergy. Sucha component
is expectedto dominatethe energy densityand dynamics,most evident in the
accelerationof the expansion,at redshiftsof z C 0 � 5 � 1. Thusat thesemoder-
ateredshiftsthesemodelscanclearlybedistinguishedfrom purematter, or other
positive energy, models. However to discriminatebetween dark energy models,
whetherbetweencosmologicalconstant,constantw trackingmodels,or evolv-
ing quintessencemodels,it is necessaryto extendthesurvey depthto z @ 1 � 2.
This reveals1) thephysicalimprint of differentialacceleration,2) thedilution of
theeffective equationof statedueto the increasingdominanceof matter, and3)
theturnover to adeceleratingexpansionincludingthe“inertia” of themagnitude-
distancerelationthat integratesover theequationof statefrom thesourceepoch
to thepresent.

This is shown, alongwith a cautionarynote, in Figure6. Although all the
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modelsgraphedhave their “action” redshiftszeq andzac at z � 0 � 7, observations
extendingonly to z � 0 � 7 areclearlyinsufficientto probethecosmologicalmodel.
Onecouldnot tell whetheroneis dealingwith a constantequationof statediffer-
ent from a cosmologicalconstant,a rapidly evolving dark energy model, or a
purely cosmologicalconstantmodelat a slightly differentenergy density. Sur-
veysextendingout to z @ 1 � 5 � 2 canmakesuchdistinctions,evendown to fairly
fine differences(the curveswere chosento representroughly those“confusion
limits”). One cautionhowever is that complementaryconstraints,e.g. on Ωm,
ΩT or the low redshiftbehavior, from othercosmologicalprobesor low redshift
supernovaedata,play a crucial role in limiting the parameterspaceof alternate
models.

For theparameterrangesof interestthegeneralrulesof thumbin finding the
“sweetspot” of the optimumredshiftdepthfor discriminationbetweenmodels,
especiallydistinguishingbetweenevolving w

�
z � andaconstantwc model,arethat

theredshiftrangecontributionsare:< significantout to z suchthatw
�
z �A@ wc, i.e. similar wT ’s

(asthemagnitudecurvesdiverge);

Figure 5: Dif ferential magnitude-redshiftrelationsare plotted for flat, linearly
evolving dark energy modelsw % w0 : w1z relative to the constantmodelw %) 0 & 7. Prospective SNAP (SuperNova/AccelerationProbe)error barsof 0.02 in
magnitudewill beableto distinguishbetweenconstantandevolving darkenergy
andalsobetweensufficiently differentevolution behaviors by observingin red-
shift out to z % 1 & 7.
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< mild at higherz aswT ’sbecomesimilar
(differentialcurve levelsoff but redshiftbaselineincreases);< negligible athigherz if thewT ’s stronglycross
(turnover in differential magnitude;note dilution ensuresthe wT ’s never
diverge sufficiently at high z to give a large magnitudedifferenceof the
reversedsign).

Due to the decelerationdilution effect therefore,for the modelsconsidered
herethemostlikely optimaldepthfor aSNAP supernovaesurvey is z @ 1 � 5 � 2.

Figure6: A “confusionplot” of Hubblediagramsis shown with nearlydegenerate
low redshiftbehavior. Althoughat z D 0 & 7 all thesemodelsarematterdominated
and decelerating,it is only in this redshift region that this cosmologicalprobe
becomesuseful,ableto distinguishdifferentdark energy equationsof stateand
constantfrom evolving w. Notehowever that largeuncertaintyin othervariables
suchasΩm canerodethemodelparameterdetermination.
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