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ABSTRACT

The superneaeHubblediagramtracesthe expansionhistory of the universe,
including the influenceof dark enegy. Its useto probethe cosmologicaimodel
canfruitfully beguidedby heuristicstudyof thefeaturesof themodelcurves.By
relatingthesedirectly to the physicsof the expansionwe canunderstangimply
the optimal redshiftrangefor superneae obsenations,requiringa surwey depth
of z=1.5— 2 to distinguishevolution in darkenegy properties.

1 Energy Densitiesand Acceleration

The Friedmannequationsdescribethe physicsof the expansionin termsof the
enegy densityin thecomponents{Q; }, andtheirequation®f state{w; = p;/pi }:

(@/@)? = Hg |y Qi@+ (1-Qar)(1+2)? (1)

a/a = —(1/2HF Y (1+3m)Qi(2), @)

with Q1 = 3;Q; = 3;Q{(0) andthe enegy densitieof independentomponents
evolving accordingo
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Becauseof thesediffering evolutionswith redshift, the ratio of enegy den-
sities changeswith time and the dominantdynamic componentat one epoch,
that driving the expansionrate, may give way to anothercomponent.Similarly
theacceleratiorbehaior of the expansionmay alter, with a differentcomponent
dominating. The global expansionmay even changefrom deceleration(a < 0)
to accelerationd > 0), signifying a total equationof statesufficiently negative
to breakthe strongenegy condition (wr < —1/3). We denotesuchswitching
epochsaszeyy andzy respectiely.

The redshift of equality betweentwo componentstaken hereto be nonrel-
ativistic matter (w = 0) and someother component presumablywith negative
equatiorof state is whenQ,(zeq) = Q{y(Zeq):

Zog = (g—g)m-l, (5)



whenw is constan{noteQ’s arealwayspresentalues,unlike Q'(z)).
The switch to an acceleratinguniversetakesplacewhena = 0, at, assuming
only two componentgredynamicallyimportant,

1

Q —3w

Zyc = [—(1+3W)—W:| -1, (6)
Qm

againassumingwv constant.The quantitieszeq andzyc areplottedin Figure1 for

two flat models,Qn+ Qw = 1. The resultsdo not greatly changeif we allow

varyingw or nonflatmodels.
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Figurel: Theredshiftsof matterdark enegy equalityandof the transitionfrom
deceleratindo acceleratingexpansionareplottedvs. equationof stateof thedark
enenpy, for aflat universe.Thesolid curveshave Qn, = 0.3, thedottedQ, = 0.4.

Most of the actionin the changewer of the dynamics both for the dominant
enegy densitycomponentndthe expansionaccelerationhappensat fairly low
redshifts,z~ 0.5, for reasonablealuesof the matterdensity Thisis in marked
contrastto distinguishingbetweencosmologicalmodelswith fixed equationof
state,saybetweermrmodelswith differentmatterdensity wherethe expansionbe-
havior divergesat high redshifts.Doesthis meanthatto detecthe maininfluence
of a dark enegy componenwith w < —1/3 we needonly probethe expansion
history to this redshift? The answeris no, aswould be seenfrom Monte Carlo
simulationsof thecosmologicaparametetik elihooddeterminationshut herewe
shall cometo this conclusionusinga moretransparentintuitive examinationof
the physicsbehindthe expansiorhistory.
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Also notethata cosmologicaimodelcanhave Zeq < Zac OF Zeg > Zac, i.€. first
startacceleratinghen becomew dominatedor v.v., dependingon the equation
of state. So the equationof stateparameterof the dark enegy or the effective
total enepy, is a key variableandonethatcanbe probedsensitvely throughthe
supernwaeHubblediagramout to moderateedshifts.

In the following sectionswe examine the redshift rangefor determination
of the equationof state,discussinguse of the effective total equationof state,
evolving w(z) and“inertia” or “memory” in the magnitude-redshiftiagram,and
discriminationbetweenmodelsincluding maximumdeviation and turnover rate
characteristics.

2 Hubble Diagram

The two quantitiesenteringthe Hubble diagram— magnitudeandredshift— are
directtracersfor the expansionhistory of the universe.The magnitudes a loga-
rithmic measuref theluminositydistancerelatedto thelookbacktime—dimmer
meandurtherin the past,while theredshiftis exactly therelative expansionsince
thattime; thusm(z) is a(t) in atransparensenseCunvaturein thediagramprobes
evolution in the expansionrate: accelerationdirectly dependenbn the equation
of stateasseenfrom eq.2.
Explicitly, therelationsare

m(z) ~ 5logr(2), (7)
Nz = (1+z)(1—QT)_1/zsinh[(1—QT)l/Z/OZdz’[H(z’)/Ho]_l (8)
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wheretherestrictedcasesarefor flat universesQr = Qm+ Qw = 1.
At thelowestredshifts the luminosity distancedepend®n parametersis

=2+ 5(L-G0)Z +21(Qr, (), (7)), (10

whereanglebracletsdenotedensityweightedaveraging,(w) = 3w Q;/Qr; note
(w) = wr, theeffective equationof stateof all thecomponentgombined.
Themagnitude-redshitestthereforeprobesnotonly thepresentcceleration,
Jo, but differing combinationsof cosmologicalparametersn differentredshift
ranges. This is one of its greatstrengthsn thatnot only is it mostsensitve to
changese.g.accelerationin theexpansiorhistory of theuniverseatrecentimes,
but it provides1) complementarityto high redshifttests,other mediumredshift
tests,and evenitself over differentredshiftranges;2) detectionof evolution in



the stateand natureof the universeby probingdifferentepochsthanthe cosmic
microwave backgroundsay anddifferentenegy densitiegsmoothcomponents)
thanlargescalestructureests;3) protectionagainsseculaior differentlyevolving
systematieffectssuchasgrey dust.

To examineits ability to discriminatebetweerncosmologicamodelsfirst con-
sidermodelswith a single componentut differentvaluesfor the magnitudeof
theenepy density e.g.differentQ,. Thedifferencen magnitudedetweersuch
modelsis monotonicallyincreasingwith redshift, until r, ~ Q-1z at asymptoti-
cally high redshifts,so discriminationimproveswith ever increasingsuperneae
redshift(obsenationaldifficultiesaside).

But for a competingcomponent,especiallyone with negative pressurejts
influenceis seenover a limited redshiftrangeandlittle advantageaccrueso a
deepsurwey — discriminationis squeezeth betweerthecommonlineardistance-
redshiftlaw at smallredshiftsandthe matterdominatedelationat high redshifts.
Thequestionaddressetiereis whetherthe optimalredshiftrangeis nearz= 0.5
or higher andhow broadthewindow is.

3 Effective Equation of State

First considera seriesof flat, constantw modelswith fixed Q, = 1— Q. One
mightexpectthattheir magnitudalifferentialsAm,, = m,— m,, alsodivergewith
increasingredshift, and that the optimal depthis thereforepushed(at leastfor-
mally) to high redshift. But this is not quitetrueasseenin Figure2.

Modelswith fixed equationof statebut differentproportionsof dark enegy
and matterindeeddiverge, shaving increasingmagnitudedifferenceswith red-
shift asillustratedby the dashedcurve. But modelswith fixed enegy densities
anddiffering equation®f state(constanin time) level off andno greatadvantage
accruego probingthe cosmologywith supern@aeat higherredshift. A clearsig-
natureof modelswith both differing dark enegy densityandequationof stateis
thenonmonotonidehaior of thedottedcurve, alsoa propertyof evolving equa-
tions of stateaswe will discuss.Thesedifferentcharacteristicef the shapeor
curvature,of the magnitude-redshiftelationthus provide importantcluesto the
cosmologicamodel.

The curvaturein the differentialHubble diagramAm— z probesthe differen-
tial acceleratiorbetweenthe models,which recevescontributionsfrom boththe
negative pressurecomponentand the increasinglydominantmatter While this
relationbetweencurvatureandaccelerations obvious at low redshift,asseenin
eg.10, thephysicalcorrespondenceontinuesat higherredshiftsasshavn by the
following argument.

Considerr|; the key cosmologicalvariabledeterminingr, is H=1(2). (It is
actuallytheintegral overredshiftthatenterswhichwill leadto an“inertia” effect
discussedater) Whethermodelscontinueto diverge or turn arounddependn



theevolution of H~1. The“scaleheight” of this evolution is

dinH™* ~ dH™!
din(1+2  dt

sotheevolutionin thedifferentialHubblediagramis indeeddueto thedifferential
acceleratiorof the models. This in turn canbe relatedto the effective, or total
equationof stateby Aq [0 Awr since

12 = (1/2 Y (1+3m0)Qi(2) / | T Q)+ (1-0n+2?,  (12)
andthetotal equationof state
wr = pr/pr=Y w2/ Q@ (13)
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with therestrictionfor the matterplusdarkenegy modelandwy (0) = wQy,/QT.
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Figure2: Thedifferentialmagnitude-redshiftelationis plottedfor variousequa-
tions of staterelative to the w = —0.7 case. The solid curves have constantw
(andfixed Q) but do not diverge with redshiftthe way curvesof Q,, (atfixedw)
would (comparethe dashecturve), dueto dilution by a deceleratinggomponent.
For comparisorthe dottedcurve shows the turnover behaior uponvaryingboth
w andQy,.



Thusthe key obsenationalcharacteristiof curvaturein the Hubblediagram
is a direct probeof thetotal equationof stateof the universe.Note thatevenfor
constantw the presenceof a mattercomponentaswell ensureshatwy evolves
with redshift, with the negative pressuregraduallybeingdiluted to zeroat high
redshift. Fromeq. 13 the dilution is obviously enhancedor larger Qm/Qw. An
interestingpropertyis thatthe dilution canbe nonlinear sinceinitially moreneg-
ative equationsf statearediluted morerapidly dueto their diminishingenegy
densityat higherredshifts,and so curves of wy cancross: wr(w) > wr (W) at
high redshiftdespitew < w'.

4 Evolving w models

The sameexpressiongeq. 13, holdsfor definingwy in the caseof evolving dark
enegy. Sincewr, throughdifferentialaccelerationformsthe physicalbasisfor
understandinghe deviation andcurvaturein the magnitude-redshifliagram fig-
ureslik e Figure 3 areinvaluablefor anintuitive graspof how modelsbehae and
how cosmologicaparametersanbedistinguishedasafunctionof surwey depth.

Figure 3: Thetotal or effective equationof stateis plotted vs. redshift. Dotted
curvesareconstanwv models,othershave evolving w = wg + w1z, with w; = 0.2
for dashedturves,w; = 0.4 for solid curves.All modelsareflat. Evenconstantv
modelseffectively evolve with redshiftdueto matterdilution, approachingv= 0.
Dilution is nonlineamwith amodelcontainingamorenegative pressure&omponent
overtakingalessnegative oneandbecomingmorematterlike (decelerating).



Herewe seethatconstantv modelsarediluted anddo indeedcross,with the
effective equationof stateof the cosmologicatonstan{w = —1) modelactually
greater(more matterlike and deceleratingpf the expansion)thanthew = —0.7
modelatz > 0.8. Evolving modelsarelinearly parametrizedw = wo + wyz. Pos-
itive wy of courseincreaseghe dilution, andif sustainedor long enoughcan
drivew andwy positive, but onemustbe carefulnotto extendthelinearevolution
approximatiorbeyondits validity.

Usingthewyr’s of two modelsasguidesto their differentialaccelerationpne
candeducethe behaior of their differentialmagnitude-redshifbehaior Am(z).
One expectsthat a model with wr lessthan the fiducial model (hencegreater
acceleratiorof the expansion)would have a positive magnitudeoffsetat a given
redshift,i.e. possessapparentlydimmersuperneae. This offsetwould increase
with redshiftuntil thegreaterilution of wr for themorenegative w modelcauses
it to approactthewy valueof thefiducial. On the magnitudediagramthis would
appeansaslowing of thedeviationandeventuallyaturnoveratapproximatelyhe
redshiftwhenthetwo wy’s agree(but seethenertiasectionlater). If theeffective
equation®f statethenkeeppace theturnoveris justaleveling off, while if thewr
curvescrossthenthe magnitudedeviation approachegero(andcango negative
thougheventuallyit levelsoff atredshiftsfully matterdominated).

For example,from Figure 3 we would predicta priori that models(wg, w1)
shouldhave thefollowing behaiors in their (differential)Hubblediagrams:

e (-0.7,0.4)-(-0.7,0)increasinglynegatve magnitudedeviationwith noturnover
or slowing.

e (-0.7,0.2)-(-0.7,0)increasinglynegatve magnitudedeviationwith noturnover
but gradualslowing.

e (-1,0.2)-(-1,0):increasinglynegative magnitudedeviation with no turnover
but leveling off.

e (-0.7,0.2)-(-1,0):increasinglynegative magnitudedeviation with leveling
beyondz = 1.5 andvery gradualturnover.

e -[(-1,0.4)-(-0.7,0)]:increasinglynegatve magnitudedeviation with leveling
beyondz= 0.5 andturnover.

The correspondingHubble diagramsare shavn in Figure 4, bearingout these
heuristicpredictions.

Thusknowledgeof the equationof statew for a model enabledirect qual-
itative constructionof its magnitude-redshiftelationthroughwy, including the
sign of the deviation, the presenceof leveling or turnover, andthe sharpnessf
the evolution. Quantitatve resultssuchasthe size of the maximummagnitude
deviation mustbe gottenby numericalevaluationof the luminosity distancerom
eg.8. Howeverwe canobtainaroughestimateof theturnover redshift,andhence
the requiredsurwey depth,by examiningthe wr curvesasabove. This method
becomesnoredefinitein the Inertiasection.



Theinverseproces®f looking atadifferentialHubblediagramandintuitively
extractingthe modelequationof stateis moreproblematic.Onecould probably
getaroughsenseof wr attheredshiftof arny turnover, andanindicationof how
rapidly it wasincreasingat redshiftslower and higherthanthis, but more quan-
titative estimatesiecessitat@umericalanalysis.The mainvirtue of the heuristic
methodthoughis estimationof the redshiftrangerequiredto distinguishmodels,
to find the “sweetspot” of the Hubblediagramthatdiscriminatesbetweerdiffer-
entconstantwv modelsandbetweenconstantandevolving w models. The key to
thisis theturnover from wy representinghedifferentialacceleration.

5 Inertia

While the criterion on wr for the turnover works reasonablyand was justified
physicallythroughthe differentialacceleratiorandscalelengthargumentof the
Effective Equationof Statesection,it is not the instantaneousgvolution of the
HubbleparameteH (z) thatgovernsthedistanceandmagnitudeput ratherits be-
havior overtheentireredshiftrangebetweerthe sourceandobserer. Thismem-
ory (or foreshadwing) of w(< z) producesaninertiain the magnitude-redshift
relationatz sothatit doesnotrespondmmediatelyto wr(2).
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Figure4: Differential Hubble diagramsplot the magnitudedifferencesetween
the w(z) = wo + w1z modelslabeledwith (wp, w1), exhibiting a variety of diver-
gence leveling, andturnover behaiors. Heuristicanalysisby meansof the total
equationof stateis successfuin predictingthe qualitative features.



For example,eventhoughwy for two modelsmayhave corverged,theinertia
of the integral over z keepsthemfrom having a purely constanbffsetin magni-
tudeAm. Considerconstantflat modelswith w= —1,0.7. By z= 2 (5;10) their
wr = —0.08,—0.132 (-0.011,-0.036;-0.002,-0.010)et their Am = 0.15 (0.13,
0.11),i.e. the offsetis neithernegligible, asit would beif only wy (z) wasimpor-
tant, nor strictly constantasit would beif the region whereAwr (z) =~ 0 gave no
contritutionto Am. Ratherthe Awr (z) = 0 region addsa constantontributionto
eachmodels distance| which leadsto a steadydilution of Am~ log(r;/r{).

Inertiais alsoresponsibldor the turnover occurringat higherredshiftsthan
thewy crossing.While this cannotbe maderigorouslyquantitatve with a solely
intuitive, ratherthan numerical,approachthe wy analysisdoesprovide a good
roughestimatganda lower limit) for theredshiftrangecritical for distinguishing
theinfluenceof darkenepy in the Hubblediagram.

One canseehow well this approximationworks in the numericalresultsof
Figure 5, for both constantand evolving equationsof state. While wr predicts
turnoversatz= (0.8,0.5,0.35) and(0.96,0.6,0.34)n thewp = —1 and—0.8 cases
respectrely for increasingvy, they occuratz= (1.7,0.9,0.6) and(>2,1.13,0.55).
(Notethataskingwherethe w's ratherthanwsy’s crossis moreaccuratebecause
dilution actsoppositeto inertia, but it is lessphysicallyjustified andis undefined
in the caseof constantv models.)

Two interestingpoints are that for all six modelsthe wy criterion definesa
redshiftabouthalf of the redshiftat peakmagnitudedeviation (turnover) andthe
magnitudedeviation thereis consistentlywithin 11-13%of the peakdeviation,
dueto the gradualnes®f the leveling or turnover. If thesecharacteristicsvere
shown to befairly generalasthey seemto be giventhe wide rangeof wp andw;
in the six models)thenthe wy criterion couldin factbe calibratedto be a fairly
robustpredictorof boththeturnover redshiftandmagnitudedeviation.

6 Summary

The Hubblediagramof Type la superneaeis well suitedto probingthe cosmo-
logical modelfor the existenceandpropertiesof darkenegy. Sucha component
is expectedto dominatethe enegy density and dynamics,most evident in the
acceleratiorof the expansion,at redshiftsof z < 0.5— 1. Thusat thesemoder
ateredshiftsthesemodelscanclearly be distinguishedrom purematter or other
positive enegy, models. However to discriminatebetween dark enegy models,
whetherbetweencosmologicalconstant,constantw tracking models,or evolv-
ing quintessencenodels,it is necessaryo extendthe surwey depthto z~ 1— 2.
This revealsl) the physicalimprint of differentialacceleration?) the dilution of
the effective equationof statedueto the increasingdominanceof matter and3)
theturnoverto adeceleratingxpansionncludingthe“inertia” of the magnitude-
distancerelationthatintegratesover the equationof statefrom the sourceepoch
to thepresent.

This is shavn, alongwith a cautionarynote, in Figure 6. Although all the



modelsgraphechave their “action” redshiftszeg andz,c atz < 0.7, obserations
extendingonly to z= 0.7 areclearlyinsufficientto probethecosmologicamodel.
Onecouldnottell whetheroneis dealingwith a constantequationof statediffer-

ent from a cosmologicalconstant,a rapidly evolving dark enegy model, or a
purely cosmologicalconstantimodel at a slightly differentenegy density Sur

veys extendingoutto za 1.5— 2 canmake suchdistinctions,evendown to fairly

fine differencegqthe curves were chosento representoughly those“confusion
limits”). One cautionhowever is that complementaryconstraints,e.g. on Qp,

Q or thelow redshiftbehaior, from othercosmologicalprobesor low redshift
supernwaedata,play a crucial role in limiting the parametespaceof alternate
models.

For the parameterangesof interestthe generalrulesof thumbin finding the
“sweetspot” of the optimumredshiftdepthfor discriminationbetweenmodels,
especiallydistinguishingbetweerevolving w(z) anda constantv, model,arethat
theredshiftrangecontributionsare:

e significantoutto z suchthatw(z) ~ w, i.e. similarwr’s
(asthemagnitudecurvesdiverge);
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Figure 5: Differential magnitude-redshiftelationsare plotted for flat, linearly
evolving dark enegy modelsw = wg + w; z relative to the constantmodelw =
—0.7. Prospectie SNAP (SuperNwea/AccelerationProbe)error barsof 0.02in
magnitudewill beableto distinguishbetweenconstantandevolving darkenegy
andalso betweensufficiently differentevolution behaiors by observingin red-
shiftouttoz=1.7.
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e mild athigherzaswy’s becomesimilar
(differentialcurve levelsoff but redshiftbaselindgncreases);

e nggligible athigherzif thewy’s stronglycross
(turnover in differential magnitude;note dilution ensureshe wy’s never

diverge sufficiently at high z to give a large magnitudedifferenceof the
reversedsign).

Due to the deceleratiordilution effect therefore,for the modelsconsidered
herethe mostlik ely optimaldepthfor a SNAP supernwaesurwey isza 1.5— 2.
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Figure6: A “confusionplot” of Hubblediagramss shavn with nearlydegenerate
low redshiftbehaior. Althoughatz > 0.7 all thesemodelsarematterdominated
and deceleratingjt is only in this redshift region that this cosmologicalprobe
becomesuseful,ableto distinguishdifferentdark enegy equationsof stateand
constanfrom evolving w. Note however thatlarge uncertaintyin othervariables
suchasQ, canerodethe modelparametedetermination.
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